JOURNAL OF COMPUTATIONAL PHYSICS 34, 414-434 (1980)

Optimal Variational Approximations to Renormalization Groups.
[l. Determination of Optimal Parameters

MicHAFL. N. BARBER

Department of Applied Mathematics, University of New South Wales,
P.O. Box I, Kensington, New South Wales, 2033, Australia

Received March 21, 1979; revised June 26, 1979

An algorithm for determining the sequence of variational parameters in a variational
approximation to a real-space renormalization group is developed. Using this procedure, the
Kadanoff onc-hypercube approximation for the two-dimensional Ising model is investigated
in some detail. We conclude that the apparent success of this method is somewhat for-
tuitous; a consistent and completely optimized treatment yielding considerably poorer
estimates of the specific hcat exponents. In addition, the variational parameter is found
to be non-analytic at the fixed point. The nature of singularity agrees with the predictions
of van Saarloos, van Leeuwen, and Pruisken.

[. INTRODUCTION

The Kadanoff {1] lower bound (or onc hypercube) approximation has been applied
extensively to real-space renormalization groups for various systems with apparently
considerable success [2-12]. However, the reasons for this success are rather unclear
and it is conceivable that it is simply fortuitous. One of the aims of this series of
papers has been to obtain a better theoretical understanding of the Kadanofl approxi-
mation and thereby to gauge the truc significance of its applications. (See also [13, 14].)

The essential teature of the Kadanoff approximation is that it yields a lower bound
on the free energy of the system of interest. Optimizing this bound determines the
“best” renormalization group transformation from which the critical properties of
the system can be evaluated by standard methods. (For reviews see [15-20].)

Various general aspects of such variational approximations were discussed in
Part I [21] of this series, where, in particular, we showed that the basic optimization
problem is equivalent to a discrete-time optimal control problem. The techniques of
modern control theory, such as dynamic programming or the Pontryagin maximum
principle, can thus be applied to reformulate (and hopefully simplify) the optimization
problem. This was done formally in Part 1. In this paper, we focus attention on the
problem of numerically evaluating the optimal sequence of variational parameters. In
particular, we develop what appears to be an accurare, efficient and practical algorithm,
which we call OPTVAR. The only comparative existing procedure, apart from a
direct numerical search |2, 10], is that devised by den Nijs and Knops [22]. Few
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details of this algorithm have been published. Although somewhat similar to OPTVAR
it does appear to be less efficient and to become unstable as the complexity of the
system increases.

The paper is arranged as follows. In the next section, we briefly review the essential
features of the renormalization group approach to statistical mechanics, and, in
particular, the formulation of the variational principle. The basic result of the paper—
the algorithm for determining the optimal parameters in a variational approxi-
mation—is derived in Section [II and illustrated in Section IV for the Kadanoff
approximation to the square lattice Ising model. A conclading discussion and
summary are given in Section V.

II. VARIATIONAL APPROXIMATIONS TO RENORMALIZATION GROUPS

Consider a system of N degrees of freedom (e.g., spins){c¢} = {¢;€S,i = 1,2,..., N}
on a d-dimensional lattice £2 of lattice spacing a and interacting through Hamiltonian
H{o}. The set § of allowed values of each o; may be discrete or continuous. We shail
absorb afactor —8 = —1/kyT (kg being Boltzmann’s constant and 7 the temperature)
into the definition of H. The partition function of the system is thus

ZN[H] = Tra BXP[H{G}L 5\21-

~a?

where Tr, denotes the sum (integral) over all configurations of the set {o}. The direct
evaluation of Zy , for any non-trivial Hamiltonian, is notoriously difficult, particularly
in the critical region where long-range correlations are present.

The renormalization group approach to statistical mechanics [13-20] atternprs o
bypass these difficulties by considering the effect of transformations which reduce cr
“thin” the number of (correlated) degrees of freedom. Explicitly, we consider
transformations of H of the form

exp[—Ng + H'{p}] = Tr, T{u, o} exp[H{ol],

'jr-.a
Y

where the renormalized Hamilfonian H' refers to a system of N = N/b? < N degrees
of freedom {p} = {p; €8, =1,2,..., N’} on a lattice £’ isomorphic to & but of
lattice spacing @' = ba > a. The parameter b is the spatial rescaling factor and
exceeds unity. For future convenience, the term (—Ng) in H’, which is independent
of {u}, has been explicity written out; the corresponding term in & having been set
to zero by the choice of the energy scale, e.g., by demanding that Tr, H{c} =
Tr, H{u} = 0.

The choice of the generator 7{p, ¢} is essentially of mathematical convenience: the
physical content of the theory being independent of T for “reasonable” choices. We
require, however, that

Tr, T{p, o} =1, {

N2
ol
e
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so that
N1 Zy[H] = Zy[H'] = Tr, exp[H'{}]. 2.4)

Consequently, the free energy per degree of freedom

fIH] = — lim (V- 1n 2), 2.5)
satisfies

fIH] = g + b~*f[H']. (2.6)

This result is the basis of a renormalization group calculation of free energies and
other thermodynamic properties (see, e.g., [2, 9, 10, 23]).

The problem is, of course, the evaluation of (2.2). Since for 7 = 1, this reduces to
evaluating the partition function, one cannot, in general expect to evaluate H' exactly.
However, experience has indicated that (2.2) is considerably less sensitive to approxi-
mate procedures than the partition function itself. This is particularly so with regard
to critical properties. On the other hand, the results of any approximate evaluation turn
out to depend upon the specific choice of T. Kadanoff [1] suggested that this problem
could be overcome by developing variational approximations, the optimization of
which would yield a ““best” approximate renormalization group transformation.

In such an approximation, we allow T to depend upon a set of N, parameters p
(which may be constrained) and seek an approximate evaluation of (2.2) which we
write as

exp[—Nga + Ha{u}] = Tr, T{p, o} exp(H{c} — A{c}). @7

The “subtraction’ 4{c} is chosen (i) to allow the trace to be performed exactly and
(i) to ensure that the exact free energy f[H,] associated with Hamiltonian H, is a
definite bound on f[H]. To be specific, we assume a lower bound and thus f[H,]
satisfies, not (2.6), but the inequality

FIH] = ga + b7 F[H4]L 2.8)

At this stage, it is convenient to change notation somewhat. Let H and H), be
parameterized by a finite number (N¢) of coupling constants (e.g., one-body fields,
pair interactions, multiple-spin interactions etc.), which we write as vectors K and K/,
respectively in a N.-dimensional space. The approximation (2.7) can then be realized
as a non-linear recursion relation

Ki = R(K, p), 2.9

on this space, while (2.8) becomes

F(K) = 24K, p) + b7F(KQ). (2.10)
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Equations (2.9) and (2.10) form the basis of a variational approximation to {2.2).
We shall require the following properties to hold:

() REK, 0 =0 foralk, (2.11)

(i) f(0) = ga(0,0) + 6~%(0) = —In

y 165 (2.12)

g,£8 |}

(iii) Let {p;};., be an arbitrary sequence of the
variational parameters and define

K, =RK;;,P) (213
K, = R(Kl-1 s Pz) (2-13}
then for any K,
li_{l; b—"f(K,) = 0 (2.14a)
and
g(K, 1,p,) = o(b™) as n-—> o0. {2.145)

These conditions are valid for the Kadanoff approximation and are probably necessary
for physically sensible transformations. Condition (2.12) implies that the approxi-
mation becomes exact at infinite temperature (| K| oc 1/T). The Kadanoff approxi-
mation is, in fact, also exact as T = 0 (} K| — o) but we shall not require this to be
true generally.

Conditions (2.14) allow (2.10) to be iterated to give the explicit bound fA(K) defined
by

fK) = faK) = max 1) b7, (K, prys (2.15)
L3OO RN )

where the sequence {K;}7, is generated by (2.13) with K, = K (given). Convergence

of the sum is ensured by (2.14b). The optimization problem posed by (2.15) is imme-

diately seen to be equivalent to a discrete-time optimal control problem with an

infinite planning horizon and a discount factor 5% < 1. Dynamic programming

establishes [21] that £,(K) satisfies the Bellman equation:

Ja(K) = max {ga(K, p) + &~ Ya(R(K, p))}. 2.18)

The value (say p*) of p for which the maximum is attained gives the optimal choice
of parameters as a “feedback control,” which we write as

pt = p'(K).

The (numerical) determination of the function p'(K) is the aim of this paper. Two
aspects should be noted. Firstly, the dimensionality (V¢) of the coupling constant space
(state space in control language) is reasonably large ranging from 3 to 15 for most
examples. Thus the usual “curse of dimensionality” of dynamic programming
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prevents a direct solution of (2.16) by simple iteration. Secondly, the evaluation of
critical exponents (see Section IV) requires the gradient of p'(K) with respect to K.
Thus any algorithm must yield p*(K) with sufficient accuracy to enable p'(K) to be
numerically differentiated. This places an accuracy requirement on the calculation in
excess of that usually demanded in most optimal control problems.

ITI. DETERMINATION OF p'(K)

3.1. Finite-Iteration Approximants

From (2.15) and (2.16) we note that

p'(K) = p,' (3.1

where p,' is the first optimal control in the open-loop policy (p,%, ps',..., Prtye.r)
originating from state K. [In this section we shall use the terminology (control,
states, etc.) of control theory rather than that (variational parameters, coupling
constants etc.) of statistical mechanics.] The computational problem, from this
viewpoint, lies in the infinite planning time. This problem can be overcome by
constructing a sequence of approximants to f,(K) which involve only a finite number
of iterations but converge to f,(K) in the limit of an infinite process.
Iterating (2.10) » times gives

FE =Y 29K, , b)) + 2K, 3.2)
=0

where
z=5b"% <1 (3.3)

and we have dropped the subscript A on g4 . As before,

K; = R(K;_;, p) (3.4

with K, = K (given). From (2.10) to (2.12), we have for any K

FK) = g(K, 0) + zf(0) = g(K, 0) + z2(0, 0)/(1 — 2). (3.5

Using this result to eliminate f(K,) in (3.2) and optimizing the right-hand side over
pl s Poseees Pr leIdS

n—1

&) = ¢, (K) = max Y, 28Ky, Puvn) + 278Ky, 0) + 2 (0)f.  (3.6)

- TRERRL O o !
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It is now fairly stragihtforward to show that ,(K), n = 1, 2,... form a monotone
increasing sequence whose limit is f,(K). Explicitly, we can write

n—2

YouK) = max {3 zig(K;, pr) + 27 (0)

BT TR i § 1=0

i
+ max [z 'g(K,_1, pn) + z7g(K,, 0)]%

n—-2 )
> VT SR ) o 2 0) 00+ 5o, 0]

DyDaseePnn | 5%
= 1K) + z"[£(0, 0) — (1 — 2) f(O)]. 3.7

Recalling (2.12) immediately reduces this to
f(K) = 1K) (3.8}

By construction (see (3.6)), #,(X) is bounded above and thus the sequence {,,(J)}7 -
converges. However, in view of (2.14),

tim ,(K) = o(K) —  max {‘z oKy, b = /a8, (39)
1,02 —p

1S : PR psaee

which completes the proof.

3.2. Evaluation of ,(K)—Algorithm DMP

We turn now to the problem of evaluating ,(K) for fixed n. For convenience we
denote the set of control parameters {p, , Py »..., P»} by p and define

n—1

Jp) = Y 7'¢(K;, pry) + 27¢(K, , 0). {3.10)

=0

where the sequence {K;}7., is generated by (3.4) using p. Clearly

oK) == 2°f(0) + max Jp). (.11

(a3
-

The optimization involved in (3.11) can obviously be performed, in principle,
directly by a multi-dimensional search procedure over the n X &, dimensional space
of the components of p; , P, ..., P, (€.8., by a Davidon-Fletcher-Powell routine). This
is certainly feasible for small » and was essentially the procedure used by
Kadanoff ez al. [2] and later by Katz and Gunton [10] in their application of the one-
hypercube approximation to Ising models on the square and simple cubic lattices
respectively. However, the approach is rather inefficient and, in fact, becomss in-
feasible in the critical region, where, as we shall see, accurate results require largs
order approximants (rn > 1).
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Instead we apply the Pontryagin maximum principle (see [21] and references cited
therein). Define

Il = (K, pr» ) = A - RIK;; > p) — 8Ky, ) 3.12)
with
ell, 9g(K, , 0
Ay = za—KZ—Z—l, A, = ——z—-—g—(ﬁ(——). (3.13)

Then at optimality
K, ,p' 2N =K, ,p,, 2,1 (3.149)

1—1°
for sufficiently small variations of p, from p,*; the variations satisfying any constraints
on the controls.
An algorithm (which we shall refer to as DMP) based on this result can be formu-
lated as follows:

(i) Let p® = {p!, pi,..., p¥} be an initial guess for the optimal control

sequence.
(ii) TIterate the state equations (3.4) forward from K, = K.
(iii) Evaluate J9 = J(p‘?).
(iv) TIterate the co-state equations (3.13) backwards.

(v) Holding X,_; and ; fixed at the values generated in steps (ii) and (iv)
maximize II(K; ,,p;, 2y at each node [ = 0, 1, 2,..., n as a function of p; over the
allowed control set. Denote these values by pe) -

(vi) Form the new control sequence
p(s) = (1 — 5) P + Py

where s is chosen to maximize J(p*¥'(s)). Denote this maximum value by J®.

(vii) If |JU — J©®| < ¢, where e is a preassigned tolerance the routine
terminates, otherwise the process is repeated with p®® replaced by p‘¥.

The ideas behind this approach were originally due to J. M. Blatt (unpublished)
and used by him to successfully solve continuous-time Pontryagin equations. While
we have no convergence proof for the algorithm, it has been implemented and
successfully nsed [24, 25] to evaluate #,(K) and the associated optimal control
sequence for the case of a three-component state vector K, a single control p, and
n <5 25. Tt appears to be relatively stable; converging to the same optimal control given
wide variations in the initial guess. It has also been successfully tested on an upper
bound approximation [26], in which the controls are constrained and the optimal
control lies on the boundary. The main weakness, for our purposes, is accuracy.
Since the stopping criterion is on values of J, the accuracy of the optimal controls
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(assuming, as is usually the case, an internal maximum) is only of order /%, and thus
in practice of order 10~*-10-° at best. This is insufficient for the subsequent physical
analysis (see Section V).

3.3. Determination of fa(K) and p'(K)—Algorithm OPTVAR

If we make the assumption that the controls are unbounded, which is, in fact, vakd
for the Kadanoff approximation, we can overcome the accuracy problem of aigorithm
DMP. The essential observation, which we prove in the Appendix, is that if p is
unconstrained then

LA (-d—zi—) . I=1,2.., 0 (3.15)
op. ) TRV
Thus the optimal control sequence,
p]L = {plfs p2fa--~= pfre%}s (5 if‘;;’
are the roots of the » X N, equations;
( oI, =0, I=12..n a=12.,N,. G.17)
0 W

Since (recall (3.12)) I1; is expressed in terms of known functions, whose derivatives
can be calculated exactly, the left-hand sides of (3.17) can be evaluated as functions B
to machine accuracy and the system of equations solved by an appropriate root-
finding routine. In practice, we have used a standard Control Data CYBER package
based on a generalized secant method [27]. This procedure is considerably quicker
and more efficient than algorithm DMP, although not as stable—one needs a fairly
good guess to ensure convergence. However this is usually available (from DMP if
necessary).

Given the ability to accurately and efficiently determine #,(K) for fixed 1, we now
formulate algorithm OPTVAR for the evaluation of £, (K) and p'{K):

{i) Given K and an initial value of #, solve the » X N, equations (3.17) for

HRY — [pt + (en 3 1R
prn = {pj, pim, .., pit. (3.:8)

The function calls in the root-finding routine involve forward iterations of the state
equations (3.4) for K, = K, backward iterations of the co-state equations (3.13) and
the evaluation of the derivatives

eIl fop = 2 - OR(Kyy , p)fops — 08Ky, BYfEP, ~ = 1.2, I,
3.1
where ¢R/op,* and g/op,;* are known functions.
(ii) Evaluate

$alK) = J@') + 2f(0) (3.20)
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(iii) Increment #n to n’ = n + 6n and repeat steps (i) and (ii).

(iv) If either ,(K) — 4,(K) < & and/or | pi™ — pi®?| < ¢,, where ¢, and
€, are preassigned tolerances, terminate otherwise repeat steps (iii) and (iv).

In practice, tolerances ¢, and e, of order 107° have been feasible and quite often
both tolerances are met more-or-less simultaneously. Note that our earlier analysis
established that the approximants ¢,(K) converged to f,(K). We do not have a similar
proof that

lim p{™ = p*(K).

>0
Numerically, however, the extimates pi™ appear to become independent of n for
n = 20. Given the discounting in (3.10) this is not surprising.

IV. IsiNG MODEL ON THE SQUARE LATTICE

4.1. The Kadanoff Approximation

As an illustration of the use of OPTVAR, in this section, we apply it to the Kadanoff
approximation for a real-space renormalization group transformation of the two-
dimensional square lattice Ising model. (See also [2, 13, 14, 28].)

On the square lattice the Kadanoff approximation involves those interactions that
can be embedded in a unit square of the lattice. For our present purposes, it suffices
to consider only interactions involving an even number of spins. There are three such
interactions: nearest (K;) and next-nearest (K,) neighbour pair interactions and a
four spin interaction (K3) between the spins at the vertices of a square. These couplings
define the state vectors K = (X , K, , K;). We write the initial Hamiltonian as

H = Z IIS(O']_ » O3, O3, 04)9 (41)

squares

where oy , 04, 05, 0, are the spins at the vertices of any face and the sum is over all
faces. In terms of the coupling constants K, 4, is given by

hs = 3K,S, + K820+ K55, (4.2)
where
Sy = 0,09 -} 0,05 + 050, + 0,40, Ss.a = 0103 + 0904, Sy = 0705030, .
4.3)

The renormalization group of interest [1, 2] is illustrated in Fig. 1, where the
renormalized spins {u} are associated with the shaded faces. The spacial rescaling
factor is clearly & = 2, while the generator T{u, o} is defined by

T{u, o} = [ ] t(p). 4.4
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4
X 4+

T
11

)

N

Fic. 1. ‘Square lattice illustrating the cell transformation used in the Kadanoff approximation.
The renormalized spins are associated with the shaded cells.

Here the product is over all shaded faces with

H(p) = exp(ppSy)/2 cosh(pSy), “.5)

with Sy = o3 + 05 -+ o3 4 0, . The parameter p will be our variational parameter
and is unconstrained {(— 0 < p << o).

The renormalized Hamiltonian H'{u} is given by (2.2) where Tr, is the sum over the
2% configuration of the set {o} = {0y = -1, = 1, 2,..., N}. This sum is intractable.
The Kadanoff approximation [1] effectively decouples this sum into a product of
sums each over only four spins. The renormalized parameters K' = (X , K, , K3) and
the spin-independent term g are then determined from

—g + 3KS; + K3S5.4 + K3S, = In (I)(Hl > Moo g s Ha)s 4.6

where S , S5, and S are defined by (4.3) with the o’s replaced by p’s and

Dpy , pro s P35 ) = Z Z Z Z

o=l 02=:\:1 og=+1 a4=;l:1

“@.7
X €Xp i p i o — In 2 cosh pS; + 4h oy, 05, 03, 04},
Explicitly B
K{ = $ In[D(++++)/P(+—+-)), (4.82)
Ki = 3 In[@(+—+—) D+ +-+-+) O+ +——)], (4.85)

K; = 0[O+ —) @+ ) P+ — )P4+ )] (430)
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and
g = —K3 — In (++4+-). 4.9

The sum in (4.7) can be evaluated in closed form. However, this is hardly necessary

since (4.7) is very easy to compute numerically and all required derivatives with
‘ a. A Taar o smamsnal slinie 41 o H 4+ D

F(K) satisfy (2.8), we refer to the papers of Kadanoff [1, 2].

4.2. Application of OPTVAR

As is typical of a renormalization group calculation, the space of coupling constants
defined in the previous sub-section is larger than is physically relevant. The most
significant sub-space is the line (X , 0, 0), in which the Hamiltonian (4.1) reduces to
that of the standard Ising model, whose free energy was evaluated analytically by
Onsager [29].

Figures 2 and 3 illustrate respectively the optimal lower bound approximation
f1(K) = fa(K, 0, 0) and the corresponding optimal parameter p'(K) = p*(X, 0, 0) as
a function of K for 0 < K < 1.5. For comparison, we also show in Fig. 2 the exact

Energy

Free

-4 3 1 .
o] o5 10 15

Fi6. 2. Comparison of the optimal lower bound fz(K) computed in this paper with the exact
free energy (broken curve) of the two-dimensional nearest-neighbour Ising model and the optimal
upper bound f;(K) computed in Ref. [26].
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pHK)

o5

b i I
O o5 10 15
K

Fic. 3. Optimal variational parameter pt(K)along the line (K; = K, K, = 0, K; = Q).

Onsager free energy and the upper bound derived by Barber [26] using an alternative
renormalization group approximation. It is evident that both bounds become exact
at both weak and strong coupling. To compute f7{K) and p*{K), OPTVAR was run at
various points along the line (X, 0, 0). Convergence at a tolerance of 10-% was accepted
on either the free energy or the variational parameter provided both tolerances had
at least exceeded 10— Greater accuracy could be obtained for weak coupling than
for strong. The number of iterations required increased as K approached .48 and
decreased after that; the maximum number being about 25, Some instability at strong
coupling did occur, but this was more a result of inefficiencies in the routine [27] used
to solve the system of non-linear equations (3.17). This could undoubtedly be over-
come by the use of a better procedure.

In Fig. 4, we plot, as a function of the number of iterations, values of K; along
optimal trajectories starting at various initial points on the line (X, , 0, 0). (Note that
non-zero values of K, and K, are generated by the transformation.) The significance
of the value

Ko ~ 0.4786 (4.10)

is apparent. For K; < Kj ¢, the trajectories tend to the origin of parameter space,
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o8

Ki%o6 Ki2.055 K°lo-4e K, 0-47864

@]
e

KC-0-47854
K 0-47953
AN
/0479525
’0-479523
K/®=0-4785 K ©-0-47952

NEé\REST NEIGHBOUR COUPLING, K™
[e]
o IS

K %=0-475

10
NUMBER OF ITERATIONS, #

Fic. 4. Value of nearest-neighbour coupling K, along optimal trajectories starting from the
point (K; = K, K, = 0, K; = 0). Note that non-zero values of other couplings are generated
by the transformation on iteration.

while for K; > K; . they approach the strong coupling regime (| K| — o). For
K, = K, ¢, the flow is to a fixed point given by (see also Section 4.3)

K¥e~0317, K¥f~0.108, KX~ —0.008. @.11)

In the next sub-section, we shall show that this fixed point describes a ferromagnetic
critical point. Thus the value K; . can be compared with the exact critical coupling

K& = LIn(l + 21/2) = 0.440687... . (4.12)
of the Onsager solution. The agreement is reasonable.

4.3. Fixed Point Behaviour

We turn now to an investigation of the behaviour of the variational parameter p(K)
and hence the optimal recursion relations

K = R(K, p'(K)) = Z(XK) 4.13)
in the vicinity of a fixed point. If p is unconstrained, the fixed points

K* = R(K*,p*),  p* =p'K*), (4.14)
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of (4.13) can be determined [2, 14, 21] without recourse to a full optimization. From
(2.16), pt = p"(K) for any K is the solution of

g,(K, p%) -+ ZE[R(K, p)] - R,(K, p") = 0 (4.15;
Here the subscript p denotes a partial derivative with respect to p and
E(K) — &fs /2K, (4.16)

is the gradient of f,(K). This satisfies the recurrence relation

E(K) = d[K, p'(K)] + zE(2) - T(K), (417
where
d = (¢g/cK), , (4.18)
and
79 = (0R;jeK}),, ij —=1,2..., Ns. (4.19)

At a fixed point, K = # = K*, E can be climinated between (4.15) and (4.17}
to vield

g, (K¥, p*) £ z0% - (1 — 2T - R, (K¥, p¥) = 0. (4.20)

This equation, together with (4.14), form a set of N¢ + 1 equations for the N,
components of K* and p* = p(K*). Equation (4.20) is equivalent to Kadanoff's
criterion and can obviously be generalized quite easily to more than one variational
parameter.

Since the system (4.14) and (4.20) is non-linear there may exist more than one
solution. Indeed, this is the case for the Kadanoff approximation on the square lattice
—the Kadanoff criterion yielding three optimal nontrivial fixed points [13, 28]. Two
of these points, together with the associated value of the variational parameter, are
listed in Table I. A third point (at p* ~ 0.741) does not appear to be physically
relevant for the conventional Ising model [13].

TABLE I
Fixed Points of Optimal Recursion Relations

Point p* = pfK¥) K KF K¥
A 0.765983 0.279434 0.139717 —0.006865
A 0.760989 0.317442 0.107707 —0,007520

The point at p* ~ 0.766 is the one located originally by Kadanoff [1]. This point is,
however, only approached by trajectories in the symmetric sub-space, K; = 2K;.
On the other hand, the point at p* = 0.761 corresponds to the limit of the critical
trajectory found in the previous sub-section. For this and other reasons discussed
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shortly, we consider this point to be the physically relevant fixed point for the two-
dimensional ferromagnetic Ising model. We shall denote these points in the following
by S and A, respectively.

With the appropriate fixed point located, the critical exponents follow [15-20] by
linearizing the recursion relations about that fixed point. These exponents describe
the critical behaviour of all systems on the critical surface of the particular fixed point.
Explicitly, we require [15, 20] the eigenvalues of the matrix

T} = (8,/2K)™ = (¢R,[0K;); + (9R,/0p)i(@p*/eKy)™, (4.21)

where the superscripts * indicate that the derivatives are evaluated at K = K*, p = p*.
If we continue to consider only interactions involving an even number of spins then
if K* is to describe a ferromagnetic critical point, T* should possess a single relevant
eigenvalue Ay > 1. All other eigenvalues should be irrelevant with magnitude less
than unity. The maximum eigenvalue /; yields the specific heat exponent from

Ay = polE—e), 4.22)
Thus for the two-dimensional Ising model (« = 0) we expect
Ap =b =2, (4.23)

if the renormalization group has a rescaling factor of two.

Equation (4.21) shows that T* depends explicitly on the gradient of p'(K). Because
of the computational problem involved in evaluating this, most of the applications
[2~12] of variational approximations have followed Kadanoff [1] and neglected the
second term in (4.20), diagonalizing only the matrix (¢R;/0K;)} . For the two fixed
points S and 4, the eigenvalues of this matrix are given in Table II. The excellent
agreement, particularly at the symmetric point (S), of the maximum eigenvalue with
the expected value of 2 is typical of the apparent accuracy of the Kadanoff approxi-
mation. We also note that the point .S appears to possess a second relevant eigenvalue
[28].

As acknowledged by Kadanoff [1, 2] neglecting the gradient of p*(K) in (4.21) is
inconsistent with the variational approach. Recently, van Saarsloo et al. [14] have
shown how to calculate (dp'/0K)* without the full optimization that at first appears
necessary. The calculation was, however, explicitly carried out only for the symmetric

TABLE I
Eigenvalues of Matrix (9R;/0K,)}

Fixed point A Fixed point S
2.0245 2.0012
0.8871 1.1151

0.4480 0.5056
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TABLE III
Gradient of pt(K) and Eigenvalues of (82;/8K}* at Opiimal Fixed Points

Point A Point S
4,7057 1.8833 5.1873 1.9210
3.3557 0.8363 8.7 x 10~* 2.5937 11151 5.0 x 10®
0.8741 0.4135 0.9378 0.4568

point (§). We have repeated it at the point 4 with the results listed in Table IIl. In both
cases, there is a marked deterioration in the estimate of ziy .

The consistent estimate of /; is somewhat better at the point § than at 4. However,
the symmetric point remains doubly unstable; the second relevant eigenvalue corre-
sponding to perturbations which break the symmetry K; = 2K,. The standard
nearest neighbour Ising model can be put into the symmetric sub-space if the Kadanoff
transformation (4.8) is prefaced with a decimation [1, 2]. If this is done, the optimal
critical trajectory flows [24] to the point S and yields an estmiate of K; ¢ ~ 0.456 for
the critical coupling. In addition, the resulting bound on the free energy is somewhaz
better. However, the procedure selects out the case of zero next-nearest neighbour
interaction (K,) from that of a finite value of K, . Universality implies that finite
ferromagnetic next-nearest neighbour interactions should not affect the critical
behaviour. This view is supported by runs of OPTVAR from critical points on the
line K(1, , 0)—the critical trajectories flow to the point 4. It therefore appears that
the agreement of the S point is fortuitous; the physicalily relevant point being 4.

The analysis of van Saarsloo er al. [14] also led to a second and rather more serious
conclusion: the function p*(K) is non-analytic at a fixed point. In the present formulation
this can be seen quite easily. Recall (4.15) and note that by construction g(K, p) an¢
R(K, p) are analytic in all their arguments. However E is the gradient of a guantity
which is non-analytic at K* (and on the asscoiated critical surface). Thus (4.15} is
consistent if and only if p*(K) is non-analytic at K*; unless

EX*) - R, (K*, p*) = 0. (4.24)

The values of this quantity at the fixed points 4 and § are 2iso given in Table IL.
While small, they are certainly not zero. The detailed nature of the singularity in p?
follows from van Saarsloo et al. [14]: If u; denotes the eigenvector of T* associarad
with eigenvalue /A, then

PK + zup) = p* + z(@p"/oK)* - uy + Az | - o(z%) (4.25)
where

w=1—a>1, @.26)
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with « still related to 4; by (4.22). Thus a variational approximation gives a negative
specific heat exponent corresponding to a cusp rather than a divergence. Alternatively
(see [14, 22]), p"(K) can have a discontinuity at K* , implying presumably a first order
transition. This possibility, however, is not of relevance here.

To test this prediction, we have used OPTVAR to calculate p'(K* + zuy) for
various values of z from the symmetric fixed point. (A similar analysis is possible for
the other point.) In Fig. 5, the quantity p* — p* — z(8p*/0K)* - ur is plotted against z
on a log—log plot. The slope of the curve is 1.12, which agrees with the value of
a = —0.1234 following from the value of A, given in Table II. This is to our
knowledge the first direct observation of the singular nature of p'. It is only feasible
because of the efficiency of OPTVAR in the vicinity of a fixed point.

I
10-4 10-3
z

1078 L

Fic. 5. Log-log plot of ¢(z) = pt(K* — zur) — p* + z(8p'/oK)* - ur against z for deviations
from the symmetric fixed point S along the direction uy specified by the eigenvector associated with
the thermal eigenvalue, Ar. Here p* = 0.765983 and (épt/eK)* * ur = 5.583602.

V. CoNCLUSION

In this paper, we have described an algorithm—OPTVAR—to determine the
sequence of variational parameters in a variational approximation to a renormalization
group. Tests of this algorithm on the Kadanoff approximation for the two-dimensional
Ising model showed that it was a relatively efficient and stable procedure, even in the
vicinity of a fixed point.

Unfortunately, the problems and weaknesses of fully optimized variational
approximations as discussed by van Saarsloo et al. [14] appear to be very real. In
particular, consistent estimates of the specific heat exponent « are always negative.
We have also been able to explicitly exhibit the singular nature of the variational
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parameter p'(K) near a fixed point. As stressed by van Saarsloo er al. [14], this
non-analyticity results in the optimal recursion relations (4.13) themselves becoming
non-analytic functions of the coupling parameters. This is completely against the
spirit of the renormalization group.

These findings would appear to completely dash most of the early hopes heid for
variational approximations to renormalization groups. The original Kadanofl
prescription in which the gradient of p'(K) at the fixed point is neglected remains
apparently quite a successful approximation. There is however little justification {or
its success. Nevertheless, the method is relatively easy to implement and it should
remain a useful procedure, if interpreted, like any other real-space approximaticn,
with care.

Fully optimized variational approximations to renormalization groups however
do not appear to be worth the extra computational problems. They do yield guite
good bounds on the free energy but this is usually not the quantity of direct physical
interest. Since the free energy is quite generally a convex function of many physical
fields, e.g., the temperature, it is conceivable that these bounds can be used, following
Fisher [30] to yield upper and lower bounds on some of the derivatives of the ezact
free energy. This hope has recently been tested [31]; bounds for the internal energy
of the two-dimensional Ising model were calculated using Fisher’s results [30] from
the lower bound to the free energy calculated in this paper and the upper bound of
Barber [26]. Unfortunately, the numerical accuracy of the bounds was rather poor.

Finally, we remark that OPTVAR is similar to a parameter selection algorithm
developed recently [32] for continuous time control problems. If the inherent probiems
of variational approximations to renormalization groups can be overcome—which in
our opinion is unlikely—the incorporation of some of the techniques used in optimal
parameter selection could be useful.

APPENDIX

This appendix presents a derivation of Egs. (3.15) which underpin OPTVAR. These
equations relate derivatives of J, defined by (3.10), to derivatives of the Pontryagin
function f7, defined by (3.12). For notational convenience, we consider only a single
control (variational parameter) at each stage of iteration.

Since p,, effects only the last stage of iteration, differentiating (3.10) yields

Y on~1 8g ) eg(Kn L4 0) » eK"L A £y
Epn Z 8Pn (K’n—l :pn) T £ E‘Kn Epn . (‘3‘-"}‘

If we now make use of the recurrence relations (3.4) and define
7"n = —g Ug(Kn > 0) R (PA.E:E

K,
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(A.1) can be written as

a-] e on—1 _i . — n—-1 aﬂ’ﬂ
apn =2z apﬂ {g'n(K'n-l >pn) - 7"'n R(Kn—l 9pn)} = —Z m 13 (A-3)
with IT, defined as in (3.12).
Now consider
oJ og r og K, _
= zn—2 K, o, Pn- n~1 it o §
aPn—l aPn—l ( n=2: P 1) + z 6Kn~1 3Pn—1
» 08K,,0) K,
4z K, B (Ad)
Introducing (3.4) and (A.2) allows this to be rewritten as
oJ oll,_ OR(XK, 5, Pn1)
A o Biiati o RS W pibain i - RE ok Lo
apn——l aPn—l + it apn——l
og K, _ K
n—1 . n-l __ on-ly . 7
+ zZ aKfn,-_l (Kn—l 9Pn) apn_l )‘n apn‘l - (A'S)
This can again be simplified by use of the recurrence relations (3.4) to give
oJ 08Ky, Pn) OR(K,_, , pn) K,
= z" %A, R el W Kot .
OPn w1 Ky Ky OPp1
a.
— Zn—2 n—1 A.6
P (A-6)
Thus
aJ N
= =z 0 AT
Ppa 0Py A7
if
oll,
Ao =2z m . (AS)
But this is just the co-state equation of Pontryagin (3.13).
The generalization to p, is now straightforward but somewhat tedious. From
(3.10)
_a_J _ k_l_ag (= 7 ag(I{l apl—i—l) . ﬂ(_l ag(]§n ) 0) . 8Kn
apk =z 817].: (Kk—l ’pk‘) + lgk z aKl apk + z" aKn apk .

(A9)
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Eliminating g’s in favour of I1’s yields

oJ vy O, w1 © , ] K,
e e b T = gl A - R(KLy, p)] — 2R,
N s z s (A - R(Kyy, p)] — 2 o,
G, IK .
Vo . —II.0 = (Al
+ ;;K z aKZ [Al+1 R(KT—l H Pl) 'Hu i 8[)1., !\Al 10}
if we now extend the definition (A.8) to
p :z8 g =n—1,n—2,.,2,1, (AD

K, °

the right-hand side of (A.10), after some algebra, vanishes and thus establishes (3.15),
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